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Ruth-Moufang-Straße 1, 60438 Frankfurt, Germany
Abstract. A geometric interpretation for quantum correlations and entan-
glement according to a particular framework of emergent quantum mechanics
is developed. The mechanism described is based on two ingredients: 1. At
an hypothetical sub-quantum level description of physical systems, the dy-
namics has a regime where it is partially ergodic and 2. A formal projection
from a two-dimensional time mathematical formalism of the emergent quan-
tum theory to the usual one-dimensional time formalism of quantum dynamics.
Observable consequences of the theory are obtained. Among them we show
that quantum correlations must be instantaneous from the point of view of
the spacetime description, but the spatial distance up to which they can be
observed must be bounded. It is argued how our mechanism avoids Bell theo-
rem and Kochen-Specken theorem. Evidence for non-signaling faster than the
speed of light in our proposal is discussed.
1. Introduction
Non-local quantum correlations are among the most counterintuitive quantum
phenomena. Probably the most surprising fact about them is their apparent super-
luminal speed, which lower bound has been demonstrated to be several orders of
magnitude faster than the speed of light in vacuum [9, 22, 32, 38]. The possibility to
have quantum correlations over macroscopic distances [2] is also rather counterintu-
itive. If we agree that quantum correlations corresponds to real physical processes,
their characteristic urge us to find a rational mechanism for them. There are several
grounds for this urgency. The first is that their apparent unlimited speed does not
fit with the rest of physical phenomena that it is know. Therefore, an explanation
is mandatory. Second, although quantum mechanics successfully predicts the sta-
tistical properties of the physical observables associated with entangled quantum
systems, it does not offer a geometric interpretation of quantum correlations. This
lack of geometric description in the framework of quantum mechanics, a theory
whose dynamics has a spacetime interpretation in the form of sum over histories
[15] is, from our point of view, an unsatisfactory situation.
Of course, this interpretation is not correct if a positivistic interpretation of
quantum phenomena is adopted. However, there is a persistent problem with this
posture. The theoretical and conceptual structure of another fundamental pilar
of modern theoretical physics, general relativity, is in sharp confrontation with the
description that quantum mechanics offers of physical dynamical processes. General
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relativity is a theory where it is possible to attach for many physical systems, at
least partially, an history, that is, an objective, real evolution in spacetime. In
general relativity physical processes happen in the spacetime independently of the
observation realized by any observer, although the particular description of the
processes depends on the particularities of each observer. Furthermore, observers’
history happen in the spacetime too. This property of general relativity contrasts
with the instrumentalist attitude towards quantum mechanics, where the theory is
regarded as a complete and ultimate description of physical systems. It could also
conflict with other interpretations of quantum mechanics, specially if the apparent
superluminal character of quantum correlations is considered to be a consequence
of real physical phenomena. However, this second general perspective on quantum
mechanics admits a higher flexibility, since within the instrumentalist interpretation
it is difficult to modify quantum mechanics in a consistent way. Indeed, from
the instrumentalist point of view, quantum mechanics is a complete, consistent
framework, for instance, as the Copenhagen interpretation promotes [8]. If we adopt
the second type of attitude, modifications of quantum mechanics or modifications
of general relativity or modifications of both theories can be suggested, in attempts
to find an unifying framework to describe the overall our physical experiences, in
particular the phenomena that involves quantum correlations.
In this paper the second point of view is adopted. A partial justification for
this attitude is the hypothesis that Nature is ruled by a set of harmonic fundamen-
tal laws such that they must either explain the complete set of phenomenological
experiences that we acknowledge or justify new emergent laws at certain regimes
of dynamics. This set of experiences includes the phenomena described by gen-
eral relativity and the acceptance of how general relativity explain them: for the
phenomena of gravitational interaction and macroscopic interactions, in a general
realistic way in the framework of a dynamical and objectively real spacetime arena.
The existence of such macroscopic objective spacetimes imposes several obstruc-
tions in the construction of universal schemes.
This acceptance of the existence of a dynamical objective spacetime does not
obviates the problem of the singularities of the solutions of Einstein equations. Thus
there is a need for a modification of general relativity. But by the above argument,
we suggest the possibility to use classical spacetimes models, that is, models without
the possibility of quantum superposition of spacetime structures [18]. In this way,
the transition from a fundamental description towards a macroscopic, objective
and real spacetime description can be done easier. This theoretical possibility of
classical includes the use of discrete models of quantum spacetime, for instance as
in causal sets schemes [11] or as in Snyder’s quantum spacetime [35].
Among the alternatives to standard quantum theory, there is a class of theories
proposing emergent interpretations of quantum mechanics. The aim of such the-
ories is to recover quantum mechanics or relativistic quantum field models in an
appropriate approximation as an effective description from a deeper level of phys-
ical description. An example of emergent quantum mechanics is Bohm’s proposal
to explain the de Broglie-Bohm theory from a sub-quantum level of physical reality
(see for instance [6] and [7], chapter 4). More recent investigations of emergent the-
ories of quantum mechanics can be found in [1, 13, 14, 24, 18, 25, 34], for instance.
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The particular theory that we will consider in this paper was sketched in [16] and
further developed in [18] by the author. In such theory it was assumed the exis-
tence of a sub-quantum level of physical reality where the degrees of freedom are
deterministic and local in an extended configuration space. The theory was called
Hamilton-Randers theory because the Hamiltonian functions are constructed from
an underlying Randers-type metric structure [31] defined in the configuration space
associated to the fundamental degrees of freedom of the theory, not the quantum
degrees of freedom that appear in a classical or quantum description. The postu-
lated fundamental scale is larger than any mass scale associated to the standard
model of particle physics. It is unspecified by the theory except by the assump-
tion that the ratio of such scale and any of the scales where quantum mechanics
gives an appropriate description of the dynamical system is large enough to allow
the effective application of the mathematical theory of concentration of measure
[23, 29] as it was discussed in [18, 17]. Informally, concentration of measure is the
mathematical fact that for metric spaces endorsed with a probability measure, 1-
Lipschitz regular functions are almost constant almost everywhere. Concentration
of measure is an essential tool in our argument for the existence of equilibrium
regimes of the underlying sub-quantum dynamics and in the proof of other prop-
erties of the dynamics at the sub-quantum level ([18], sections 6 and 7). Indeed,
one can argue in the framework of Hamilton-Randers theory using in an essential
way concentration of measure arguments that the gravitational interaction and the
collapse of the quantum state are two aspects of the same physical phenomena.
In Hamilton-Randers models the fundamental degrees of freedom are described
by points of a classical configuration space. They obey a fast dynamics consisting
of sequences of fundamental cycles such that each fundamental cycle is composed
by a sequence of consecutive ergodic/contractive/expansive dynamical processes.
The concept of time appears in Hamilton-Randers theory in the form of two
different notions. First, as a class of t-time parameters describing the evolution of
the fast dynamics of the fundamental cycles. Second, as a class of discrete τ -time
parameters associated with the number of fundamental cycles of a given quantum
system or with the emergent character of regular, stable quantum processes. Note
that although τ -time parameters are discrete by construction, for practical purposes
we can consider them as continuous parameters. These two types of time parameters
are independent from each other. This fact is the origin of the notion of two-
dimensional time and double-dynamics in Hamilton-Randers theory [18]. This is
similar to the notion of fast/slow dynamical models in classical mechanics, from
where we adopt occasionally the terminology. However, since any τ -time parameter
is emergent, it cannot be used in the description of the sub-quantum processes from
which it emerges.
The usual perception of change or pass of time can be described by using one-
dimensional, real time parameters. It is in this sense that one can say that the
time used in the description of macroscopic and quantum mechanical dynamics is
one-dimensional. Therefore, there is a formal projection from a mathematical de-
scription of Hamilton-Randers theory with two-dimensional time parameters to the
4 EMERGENT QUANTUM MECHANICS AND QUANTUM NON-LOCAL CORRELATIONS
quantum mechanical description with a one-dimensional time parameter. Accord-
ing to our theory, this formal projection is an essential idea for our explanation of
the apparent instantaneous spacetime character of quantum correlations.
Another relevant aspect of Hamilton-Randers theory is the assumption about
certain degree of ergodicity in a sub-domain of the fundamental dynamics. Such
ergodicity together with the above mentioned formal projection can potentially
explain quantum entanglement in terms of a realistic picture [18]. However, ergod-
icity alone is not enough to explain the specific features of the quantum correlations,
specially their apparently un-bounded value of the speed in the correlations.
The aim of the present paper is to provide a self-contained presentation of a
mechanism for quantum correlations according to the theory develop in [18]. The
mechanism is based upon general assumptions on the dynamics of the models for
sub-quantum physics and their generic mathematical features, namely, the high
dimensionality of the configuration spaces and the regularity properties of the dy-
namics. We have discussed several consequences of the mechanism and, despite
such consequences are of general character, they offer the opportunity to test the
theory against experiment. Among the consequences of our theory we remark the
necessary instantaneous spacetime character of the quantum correlations and their
spacetime range limitation. Also, it is discussed an universal type of process lead-
ing to the loose of entanglement. Related with these issues, we briefly discuss how
our theory avoids the direct application of Bell inequalities [4, 5] and of Kochen-
Specken theorem [27]. Moreover, we provide evidence for the absence of signaling
faster than the speed of light in Hamilton-Randers theory.
2. Hamilton-Randers theory
In order to introduce our interpretation of quantum correlations, let us first
briefly consider some fundamental aspects of the theory developed in [18]. Hamilton-
Randers systems are deterministic and local dynamical models for physical pro-
cesses happening at a hypothesized fundamental scale. They are also relativistic
models, in the sense that the coordinate speeds of the fundamental degrees of free-
dom are uniformly bounded in some specific local coordinate systems. It is assumed
that such upper limit is the speed of light in vacuum.
The configuration space in a Hamilton-Randers model is a product of tensor
manifolds of the form
TM =
N∏
k=1
TMk4 ,(2.1)
where N ∈ N is the number of sub-quantum molecules describing a particular
quantum system. N is for practical purposes a large number compared with 1 ∈ N.
{Mk4 }Nk=1 is a collection of four-manifolds, each of them diffeomorphic to a given
model manifold M4 by means of the collection of diffeomorphisms {ϑk : Mk4 →
M4, k = 1, ...N}. On the other hand, M4 is identified with the spacetime manifold
where observable events can potentially be localized. The sub-quantum degrees of
freedom are described by points u = (x, y) ∈ TM , with x ∈ M . It is assumed the
existence of a deterministic, local dynamical law in T ∗TM described by an operator
Ut that happens at the fundamental scale. The Ut dynamics is discrete. However, it
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is convenient to consider the continuous approximation. In the continuous version
of the theory the Ut dynamics can be associated with a continuous flow in T
∗TM .
Although the details of the Ut dynamics still need to be clarified further, the specific
form is not necessary for the purpose of this paper. There is also defined on the co-
tangent space T ∗TM a probability measure µP and a quasimetric of dual Randers
type, making the co-tangent space T ∗TM a measure-metric space [23].
One of the fundamental assumptions of the theory proposed in [18] is that the
number of sub-quantum degrees of freedom of Hamilton-Randers systems is in pro-
portion N to 1 with the quantum degrees of freedom of the system. For example,
the dynamical description of an electron corresponds in Hamilton-Randers theory
to a dynamical system with a large number Ne ≫ 4 of degrees of freedom whose
dynamical variables are points of T ∗TM . This assumption leads to the idea that
quantum particles are complex dynamical systems. The parameter N varies de-
pending on the particular quantum system.
It is also postulated that when the system is not interacting with the environ-
ment, the Ut dynamics is perfectly cyclical. Each of the fundamental cycles is
characterized by a semi-period T , which is given by the expression
log
(
T
Tmin
)
=
TminMc
2
~
,(2.2)
where M is the mass of the quantum system and Tmin is the minimal semi-period
allowed for any physical system. The semi-period Tmin is a constant that depends
on the choice of the units of the arbitrary t-parameter but that otherwise is the same
for all Hamilton-Randers systems. The relation (2.2) can be justified by the fact
that it implies the additivity of the mass parameterM for non-interacting quantum
systems under the corresponding multiplicative property of the semi-period T and
because it can be used to justify the energy-time quantum uncertainty relation from
an underlying realistic framework ([18], section 3).
A main technical tool in Hamilton-Randers systems is the theory of concentration
of measure [23, 29], which is present in Hamilton-Randers models due to the high
dimensionality of the configuration space TM . What concentration does is to
ensure Gaussian deviation estimates from the Levy’s mean value in the case when
the functions are regular enough (1-Lipschitz functions). The deviation from the
Levi’s mean that these functions can have is very small almost everywhere for large
dimensional spaces, as it is the case of Hamilton-Randers systems. Concentration of
measure is applied in Hamilton-Randers theory under the assumption that in each
fundamental cycle there is a contractive regime where the Ut dynamics is 1-Lipschitz
in the sense of an operator norm. In contrast with objective collapse models [10, 20,
19, 30], the collapse in Hamilton-Randers theory happens naturally in any quantum
system and without the need of interaction with external macroscopic measurement
devices. It happens for every quantum system. After each concentration process
finishes, there is an expanding process that completes the fundamental cycle. After
the expanding domain finishes and if there is no measurement process undertaken
by an external observer or external device or if the system do not interact with
other particles, a new cycle with a ergodic regime stars and so on... We called
these concentration process natural spontaneous collapse, to emphasize its different
6 EMERGENT QUANTUM MECHANICS AND QUANTUM NON-LOCAL CORRELATIONS
mechanism and nature from the processes that appear in the literature under the
spell of objective collapse models.
It was also argued that during the concentration regime the Ut dynamics is
dominated by a classical gravitational interaction. This claim was based on several
formal analogies between the properties of classical gravitational interaction and
the Ut dynamics in the contractive regime. Among these analogue properties are
diffeomorphism invariance, relativistic causal cones and the weak equivalence prin-
ciple. Indeed, using concentration of measure theory we were able to derive from
the principles of Hamilton-Randers theory that the weak equivalence principle must
hold ([18], section 7).
The ergodic regime in each fundamental cycle has some specific characteristics
(see [18], section 5 for details of the characteristics ascribed to these dynamical
domains of the Ut evolution). The first one is that it is not absolutely ergodic.
Spacetime is not totally filled by the evolution, only the allowable causal domain of
the spacetime is filled. Similarly, the allowable velocity space is diffeomorphic to a
cone in TxM4 and is filled ergodically during each fundamental cycle. These char-
acteristics imply the use of a modified version of the ergodic hypothesis, namely,
the time average operation is equivalent to the speed coordinate average operation,
leaving the spacetime coordinates as labels. These labels indicate where in space-
time experiments can be performed. Despite this dynamics is not strictly ergodic,
we will call it ergodic but keep in mind the weaker meaning of this term respect to
the standard use in dynamical systems theory.
Besides the t-time parameter in the description of the Ut dynamics, in Hamilton-
Randers models there are τ -time parameters, which can be used as physical time
parameters of the effective quantum and classical dynamical systems. As we men-
tioned before, the τ -time parameters are associated with the counting of funda-
mental cycles. Note that these counting of the number of cycles by an arbitrary
observer depend on the state of motion or other physical attributes of the observer
or physical clock. Therefore, the notion of τ -time parameter does not correspond
to any kind of absolute time parameter and indeed the theory of Hamilton-Randers
systems is consistent with the principle of relativity and diffeomorphism invariance
[18]. Both parameters (t, τ) are discrete, for consistence of the theory. However, we
are considering the approximation where (t, τ) are continuous. The justification is
given in [18].
The relevant difference between the τ -time and t-time is reflected in the im-
possibility to use any τ -time parameter (a slow-time parameter) to describe the
Ut dynamics. This is because for each lapse of τ -time, a whole fundamental cy-
cle of Ut evolution has been completed. Thus the Ut dynamics is analogous to a
fast dynamics as it appears in classical mechanics and statistical mechanics. The
slow dynamics Uτ is identified with the usual quantum dynamics by application of
Koopman-von Neumann theory of dynamical systems in the approximation where
τ -time parameters are continuous.
Let us describe some details of the dynamics of Hamilton-Randers systems. First,
let us recall that the t-time dependent Hamiltonian function for the Uτ dynamics
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is postulated to be of the form [18]
H(u, p, t) = (1− κ(t))
(
8N∑
k=1
βk(u)pk
)
,(2.3)
where κ is a scalar factor determined by the U(t) dynamics. The on-shell constraints
x˙i = yi, i = 1, 2, ..., N.(2.4)
are also imposed.
It is postulated that during each of the fundamental cycles there is a contractive
regime such that the Ut dynamics is 1-Lipschitz continuous in some operator norm
[18]. In such regime the conditions
lim
t→(2n+1)T
H = 0, lim
t→(2n+1)T
(1− κ(t)) = 0, n ∈ Z(2.5)
hold good and the dynamics is manifestly τ -time diffeomorphic invariant, since the
Hamiltonian function (2.3) is zero or close to zero in such regime of the dynamics.
We apply Koopman-von Neumann theory [28, 36] to Hamilton-Randers systems
in the following way. First, we introduce the following quantization prescription,
which is indeed an statement on the existence of a non-commutative Lie algebra,
(u, p) 7→ (uˆ, pˆ), [uˆi, uˆj ] = 0, [pˆi, pˆj] = 0, [uˆi, pˆj] = δij , i, j = 1, ..., 8N.(2.6)
This quantization prescription is not equivalent to the standard canonical quanti-
zation of quantum mechanics, since in our case half of the u-coordinates represent
velocity coordinates. After quantization, all the uˆ-velocity {yˆi}4Ni=1 elements of the
quantum algebra (2.6) commute with the uˆ-position coordinate operators {xˆi}4Ni=1.
This situation contrasts with the usual canonical quantization used in quantum
theory, where the canonical position operators and the velocity operators do not
commute. The fact that the dynamics of sub-quantum degrees of freedom is deter-
ministic is not in contradiction with the uncertainty principle in quantum mechan-
ics, since the degrees of freedom represented by points u ∈ TM are not the same
than the quantum degrees of freedom used in the quantum mechanical description
of the system.
Let us consider a linear representation of the algebra (2.6) on a vector space
HF . A collection {|u〉} ⊂ HF of eigenstates for the uˆ operators is also introduced.
Then the vector space HF can be furnished with a natural scalar product in such a
way that HF with such scalar product is a pre-Hilbert space [18]. We assume that
indeed HF is a Hilbert space. Then we can state that the operators {uˆµk} and {pµk}
are self-adjoint to respect the inner product in HF . Furthermore, the eigenvalues
of {uˆµk} are continuous and compatible with the atlas structure of TM .
The eigenvectors of {uˆµk} are such that
xˆµk |xµk , yµk 〉 = xµ |xµk , yµk 〉, yˆµk |xµk , yµk 〉 = yµ |xµk , yµk 〉.
In terms of the generator system of HF
{|uµ〉}Nk=1 ≡ {|xµk , yµk 〉, N = 1, ..., N, µ = 0, 1, 2, 3}
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a generic element of HF is of the form
ψ(x) =
N∑
k=1
1√
N
∫
TxM
k
4
d4zk e
ıϕk(xk,zk) nk(x
µ
k , z
µ
k ) |xk, zk〉,(2.7)
where in the following |xk, zk〉 stands for |xµk , zµk 〉. ϑk : Mk4 → M4 are diffeomor-
phisms and we denote by ϑ−1k (x) = xk, etc... Note that the velocity coordinates are
integrated. This is an expression of the ergodicity in one of the dynamical regimes
of the Ut dynamics. The ergodic theorem is only applied respect to the speed coor-
dinates and not respect to the spacetime coordinates. The spacetime coordinates
are labels for the degrees of freedom. The choice of the type of label is irrelevant.
Hence, the theory must be invariant under diffeomorphism invariance in M4. This
invariant condition is totally consistent with Hamilton-Randers theory.
The Hamiltonian operator Ĥ is obtained from the Hamiltonian function (2.3)
by application of Born-Jordan quantization prescription to the algebra (2.6). The
quantized Hamiltonian Ĥ defines the Uτ dynamics through the corresponding Heisen-
berg equation. In the equilibrium domain Ĥ = 0, that can be read in a weak way
as Ĥψ = 0, where ψ represents a quantum state of the system.
3. Entanglement from the perspective of Hamilton-Randers theory
and a mechanism for quantum correlations
Let us consider a dynamical system of two quantum particles a and b, not nec-
essarily of the same type. At the level of the sub-quantum degrees of freedom, the
dynamical system is described in the Koopman-von Neumann formulation of the
dynamics by an element of the Hilbert space HF of the form
Ψa⊗b(ua, ub) =
( Na∑
k=1
(
n1k(xk, zk) exp(ı ϕ1k(xk, zk))
+ n2k(xk, zk) exp(ı ϕ2k(xk, zk))
)
|ϑ−1k (x), zk〉
)
⊗( Nb∑
l=1
(
n1l(xl, zl) exp(ıϕ1l(xl, zl))
+ n2l(xl, zl) exp(ı ϕ2l(xl, zl))
)
|ϑ−1l (x), zl〉
)
,
with Na + Nb = N . In this expression the indices k and l run over different sets
of sub-quantum degrees of freedom, each set is associated to the quantum particles
a or b respectively. On the other hand, the indices 1 and 2 refer to two different
subsets of sub-quantum degrees of freedom associated directly with experimental
arrangements 1 and 2 performed by observers 1 and 2 at possibly different spacetime
locations. These two classifications of the same collection of sub-quantum degrees of
freedom do not coincide in general. Thus, there are degrees of freedom associated to
a which are associated to 1 or to 2 and analogously for b. The way in which they are
associated is determined by the Ut dynamics and the experimental arrangements.
It must be consistent with the quantum mechanical description and Born’s rule.
These aspects of the theory are discussed in section 5 and section 6 in [18]. Note that
there are other formal combinations, with complex valued relative phases between
the vector states associated to sub-quantum degrees of freedom at 1 and at 2. Let
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us also emphasize that since the sub-quantum degrees of freedom are classical, the
conditions n1k(xk, yk) = 0 or n2k(xk, yk) = 0, etc... must hold good.
The entanglement conditions are linear constraints relating the Na + Nb sub-
quantum degrees of freedom of the quantum particles a and b,
0 =
∣∣∣∣∣ n1k(xk, zk) exp(ı ϕ1k(xk, zk) −n2l(xl, zl) exp(ı(ϕ2l(xl, zl)))n2k(xk, zk) exp(ı ϕ2k(xk, zk)) n1l(xl, zl) exp(ı ϕ1l(xl, zl))
∣∣∣∣∣ .(3.1)
The number of these constraints is of order Na · Nb, which is a large number
compared with Na + Nb, for Na, Nb ≫ 1. This shows that no all the constraints
(3.1) can be independent but also that they are very stringent, due to the large
number of them. If these constraints hold good, after averaging on the velocity
components, the corresponding quantum state is
ψab(x) =
( Na∑
k=1
∫
TxM
k
4
d4zk n1k(xk, zk) exp(ı ϕ1k(xk, zk))|xk, zk〉
)
(3.2)
⊗
( Nb∑
l=1
∫
TxM
k
4
d4zl n2l(xl, zl) exp(ı ϕ2l(xl, zl))|xl, zl〉
)
+
( Na∑
k=1
∫
TxM
k
4
d4zk n2k(xk, zk) exp(ı ϕ2k((xk, zk))|xk, zk〉
)
⊗
( Nb∑
l=1
∫
TxM
k
4
d4zl n1l(xl, zl) exp(ı ϕ1l(xl, zl))|xl, zl〉
)
.
This is an entangled state of the form
(3.3) ψab(x) =
1√
2
(
ψ1a(x) ⊗ ψ2b(x) + ψ2a(x)⊗ ψ1b(x)
)
,
where
ψ1a(x) :=
Na∑
k=1
∫
TxM
k
4
d4zk n1k(xk, zk) exp(ı ϕ1k(xk, zk))|xk, zk〉,(3.4)
ψ2a(x) :=
Na∑
k=1
∫
TxM
k
4
d4zk n2k(xk, zk) exp(ı ϕ2k(xk, zk))|xk, zk〉,
ψ1b(x) :=
Nb∑
l=1
∫
TxM
l
4
d4zl · n1l(xl, zl) exp(ı ϕ1l(xl, zl))|xl, zl〉,
ψ2b(x) :=
Nb∑
l=1
∫
TxM
l
4
d4zl · n2l(xl, zl) exp(ı ϕ2l(xl, zl))|xl, zl〉.
The vector ψ1a ∈ HF describes the state that the observer 1 associates to the
particle a by measuring statistical properties of observables; the vector ψ2a de-
scribes the state that the observer 2 can associate to the particle a, etc... The
spacetime coordinate x is variable, indicating the spacetime localizations where the
measurements can potentially be performed. Note that this state decomposition is
not unique and depends on the choice of the observables at 1 and 2. Indeed, the
observers 1 and 2 have the freedom to choose different observables to be measured.
This freedom in the choice of the details of the experimental setting corresponds
to different partitions of the sub-quantum degrees of freedom. From a quantum or
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classical description, it can be assumed that the choice of the observable at 1 is
independent from the choice at 2, but from the point of view of the sub-quantum
description, a strong contextuality arises, which is manifest in a partition of the
form
{(xn, zn)} 7→ {(x1k, z2k), (x1l, z2l)}(3.5)
The contextuality conditions can change during the τ -time, for instance, duration
of the fly between the two particles. If the observers decide to change randomly
the measurements settlements, this will imply a different partition
{(xn, zn)} 7→ {(x1′k, z1′k), (x2′l, z2′l)}.(3.6)
This can happen in a short time duration δτ , but from the point of view of the Ut
dynamics, it happens in a long time duration of t-time. This provides a mechanism
for interaction and correlation that can be different for each experimental setting.
Moreover, this mechanism also shows a strong form of contextuality.
Example 3.1. When a and b are identical particles, the states ψλβ defined above
correspond to one of the Bell states
1√
2
(|00〉+ |11〉), 1√
2
(|01〉+ |10〉), 1√
2
(|01〉 − |10〉) or 1√
2
(|00〉 − |11〉).
The appearance of a minus sign in some of these linear combinations is associated
to a factor Aψ containing a relative phase exp(ıπ) between the standard states as-
sociated to the quantum systems a and b relative to 1 and to 2. Note that for such
relative phases to be local, that is, to be defined at the points 1 and 2, they must have
the same value for all the sub-quantum degrees of freedom associated to 1 respect to
the degrees of freedom associated to 2. Note that in doing this identification we are
assuming that the spin degrees of freedom of quantum systems can be described by
means of the poinwise sub-quantum degrees of freedom.
An heuristic justification for the constraints (3.1) can be introduced as follows.
During the ergodic regime of the t-time evolution, the world lines of the sub-
quantum degrees of freedom associated to the quantum systems a and b fill the
full available phase space. If we assume that two generic sub-quantum degrees of
freedom interact any time that there is a coincidence in the spacetime,
ϑka(xka) = ϑkb(xlb) ∈ M4,
then during the ergodic regime sub-quantum degrees associated to a will interact
with the sub-quantum degrees associated to b in such a way that the thermalization
conditions (3.1) hold good. It is also relevant to note that the formalism used is 4-
dimensional covariant. Therefore, the ergodicity of the evolution is embedded in the
allowable domain of the four-dimensional spacetime M4. If the t-time world lines
are continuous, this type of ergodicity and the application of a version of the ergodic
theorem seems not to be compatible with the existence of non-trivial causal relation,
in particular, with the principle of maximal speed of light in vacuum. Thus this
mechanism forces to consider t-time and the Ut evolution as discrete. Furthermore,
this mechanism may impose severe constraints on the interactions: if non-linear
interactions terms are present, they can induce soliton solutions after long time
evolution and then the constraints (3.1) could not hold.
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Let us consider the formal projection
pr : R× R→ R, (t, τ) 7→ τ.(3.7)
This projection must appear implicitly in any effective mathematical description
of Hamilton-Randers systems. It is a mathematical statement consistent with the
interpretation of the τ -time parameter as emergent. After the implementation of
this projection in an effective mathematical description, the details of the Ut dy-
namics are not available any more. This means that the information about the
sub-quantum filling of the available phase spacetime and interactions is unaccessi-
ble from the effective mathematical description. Usually, the effective mathemati-
cal description has as arena the four dimensional spacetime M4, a four-dimensional
manifold. Thus from such spacetime description, the correlations appear as instan-
taneous.
The generalization of the mechanism to systems with more than two particles
and more than two observers is straightforward. For instance, for a system of three
particles and three observers, the predecessor state is a product state of the form
Ψa⊗b⊗c(ua, ub, uc) =
( Na∑
k=1
(
n1k(xk, zk) exp(ı ϕ1k(xk, zk))
+ n2k(xk, zk) exp(ı ϕ2k(xk, zk)) + n3k(xk, zk) exp(ı ϕ3k(xk, zk))
)
|ϑ−1k (x), zk〉
)
⊗
( Nb∑
l=1
(
n1l(xl, zl) exp(ıϕ1l(xl, zl)
+ n2l(xl, zl) exp(ı ϕ2l(xl, zl)) + n3l(xl, zl) exp(ı ϑ3l(xl, zl))
)
|ϑ−1l (x), zl〉
)
⊗
( Nq∑
q=1
(
n1q(xq, z) exp(ıϕ1q(xq, zq)
+ n2q(xq, zq) exp(ı ϕ2q(xq , zq)) + n3q(xq , zq) exp(ı ϕ3q(xq, zq))
)
|ϑ−1q (x), zq〉
)
.
The corresponding quantum state is obtained by averaging along the speed coor-
dinates and under the imposition of thermalization conditions on the Ut dynamics
corresponding to entanglement constraints. The possibilities of entanglement for
three particle systems is richer than for two particles, but the mechanism is analo-
gous to the mechanism described above for two systems composed by two entangled
particles and two observers.
4. General consequences of the theory
There are several general consequences of our theory that are potentially testable
against experiment. The first of these consequence is the following. In Hamilton-
Randers theory, the sub-quantum degrees of freedom are constrained to be sub-
luminal for the Ut flow. This means that the rate of change coordinates due to
the Ut dynamics respect to the arbitrary t-time parameter in a specific class of
coordinate systems of M is bounded by the speed of light in vacuum, when the
change in position for light is parameterized using the same t-parameter. In order
to understand why this must be the case, note that respect to any τ -time parameter,
the speed coordinate associated to the sub-quantum degrees of freedom is bounded
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by the speed of light. This is a consequence of the regularity of the underlying
Randers-type structure of our models. If the t-velocity is not bounded by the speed
of light, then it could happen that for particular configurations also the τ -velocity is
not bounded, in contradiction with the Randers conditions. However, if the formal
projection (t, τ) 7→ τ is considered, there is a complete loss of details about the sub-
quantum dynamics level. This implies that the interaction and correlation produced
by the Ut dynamics appear as instantaneous in terms of the one-dimensional τ -time
parameter associated to the usual spacetime description of the dynamical system.
In order to infer this consequence, an identification between an specific class of
coordinate systems where Hamilton-Randers theory is formulated ([18], section 2
and section 3) and a class of coordinate systems associated to the macroscopic ob-
servers that measure the apparent speed of the correlations has been done. Indeed,
such macroscopic observers are identified with inertial observers or free falling co-
ordinate systems in the most realistic situation when gravity is taken into account.
Given such coordinate systems, the surprise comes with the current experimental
lower bounds for the apparent speed of the quantum correlations, bounds that
surpass by several orders of magnitude the speed of light [9, 22, 32, 38]. This is
in concordance with our mechanism for quantum entanglement in the context of
Hamilton-Randers theory, that predicts the apparent instantaneous macroscopic
character for quantum correlations. This prediction is clearly falsifiable, since it is
enough to demonstrate experimentally the existence of an upper bound on the speed
of quantum correlations measured in a inertial coordinate frame in a particular class
of quantum entangled system to falsified our theory. Remarkably, our explanation
of the apparent instantaneous speed of quantum correlations differs from purely
operational treatment of quantum mechanics.
The second consequence of the proposed mechanism for the quantum correla-
tions, in this case originated by the sub-luminal kinematics of the sub-quantum
degrees of freedom and the filling mechanism of the Ut flow, is the existence of a
maximal spatial distance for the manifestation of the quantum correlations. Let
us consider an inertial frame coordinate system and assume that the source of the
entangled system is located at the origin of coordinates system. Then the causal
spacetime domains for the sub-quantum degrees of freedom are bounded by the
expression
dcor ≤ c T.(4.1)
This relation is valid in any inertial coordinate system, associated with very specific
local coordinate charts of the configuration manifold M . By the relation (2.2), the
distance dcor depends upon the mass of the quantum system. In particular, one
has the relation
dcor ≤ c Tmin exp
[
TminM c
2
~
]
.(4.2)
For massless quantum particles, the equivalent expression to (4.2) is
dcor ≤ c Tmin.(4.3)
If the system is composed by several non-identical particles, the semi-period T in
the relation (4.1) is the maximal of the individual semi-periods.
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The actual ergodic motion and the use of the ergodic theorem in the form of
the substitution of t-time average by phase average implies that the system passes
many times by each point of the spacetime causal cone. Thus the distance dcorr
must be much less than T c. Therefore, the above expressions (4.2) and (4.3) cannot
not provide very accurate upper bounds for dcorr.
The value of the universal semi-period Tmin is currently not specified by the
theory. However, since it is known the existence of quantum correlations for pho-
tons over macroscopic spatial distances, by the relation (4.3), Tmin must also be
macroscopic. In this context, it is interesting to re-write (2.2) as
T = Tmin exp
[
Tmin
TP
M
MP
]
,(4.4)
where TP and MP are the time and Planck length. In this expression we explicitly
observe the existence of two scales associated with the times Tmin and TP that
play a relevant role in our theory. It is tempting to think TP , the Planck time, as
the fundamental step of time for the Ut evolution. In such interpretation, the Ut
dynamics and the t-time parameters must be discrete. Also, the condition
Tmin ≫ TP
must hold, in order to apply the ergodic theory as before.
The mechanism for quantum correlations described above implies that if the
distance associated to the measurement positions at the location 1 and at the
location 2 is larger than dcor, then the correlation must cease. To illustrate how this
happens, let us remark that the quantum correlation described by the constraints
on each pair (k, l) of the form (3.1) is a consequence of an ergodic dynamics. If the
two particles a and b defining the whole system a∪b are separated by a short enough
distance, the interacting mechanics persists and all the pairs (k′, l′) will satisfy the
relation (3.1). If the distance between 1 and 2 for the quantum correlation observers
is increased long enough up to a distance comparable to dcor, then none of the pairs
(k, l) satisfies the constraint (3.1). Thus a transition
ψab −→ ψa⊗b(4.5)
must happen after the parts a and b of the system a ∪ b are far enough separate.
ψa⊗b is a product state obtained after averaging along speed directions to the pre-
quantum state,
ψa⊗b(x) =
( Na∑
k=1
∫
TuM
k
4
d4zk
(
n1k(xk, zk) exp(ı ϑ1k(xk, zk))
+ n2k(xk, zk) exp(ı ϑ2k(xk, zk))
)
|(xk, zk〉
)
⊗( Nb∑
l=1
∫
TuM
k
4
d4zl
(
n1l(xl, zl) exp(ıϑ1l(xl, zl)
+ n2l(xl, zl) exp(ı ϑ2l(xl, zl))
)
|xl, zl〉
)
,
or
ψa⊗b(x) =
1√
4
(
(ψ1a(x) + ψ2a(x)) ⊗ (ψ1b(x) + ψ2b(x))
)
.
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For instance, for each of the Bell states 1√
2
(|00〉+ |11〉) and 1√
2
(|01〉+ |10〉) the final
state is the same vector ψa⊗b given by
ψa⊗b =
1√
4
(
(|0〉a + |1〉a)⊗ (|0〉b + |1〉b)
)
,
while for the Bell states 1√
2
(|01〉 − |10〉), 1√
2
(|00〉 − |11〉), the final state ψa⊗b is of
the form
ψ′a⊗b =
1√
4
(
(|0〉a − |1〉a)⊗ (|0〉b + |1〉b)
)
.
Thus, the final states ψa⊗b are limit cycles where different entangled states evolve
after long Ut evolution.
The τ -time rate of the transition (4.5) depends on the details of the ergodic
regime of the Ut dynamics. It is reasonable to assume that the process is smooth
and that the entanglement is lost slowly as a function of the spatial separation
between 1 and 2.
Note that the transition (4.5) does not correspond to an spontaneous collapse
as usually considered in quantum mechanics ([37], Chapter VI). In quantum me-
chanics, a measurement process implies the transition from a pure to a mixture
state, according to the collapse postulate. In contrast, the final state ψa⊗b is not
a mixture, but a pure quantum state and it is not associated with any particular
quantum measurement.
5. Discussion: non-local character of the quantum correlations and
the problem of signaling in Hamilton-Randers theory and some
other remarks
Hamilton-Randers theory supports the point of view that quantum correlations
have a non-local spacetime character. The theory is consistent with the violation of
the Bell inequalities [4, 5] and also suggests a mechanism for the non-local character
of quantum correlations based upon the non-local and partially ergodic property
of the sub-quantum Ut dynamics. Such non-locality avoids the main consequences
of Bell’s theory (see [18], section 8). The main argument given was that the ex-
pectation value of observables given by Hamilton-Randers theory for the case of
entangled states ([18], section 6) do not coincide with the expectation value given
by Bell’s theory. In particular, Bell inequalities does not hold in Hamilton-Randers
theory because the fundamental relation
P (~a,~b) =
∫
dλ ρ(λ)A1(~a, λ)B2(~b, λ),(5.1)
used in Bell’s theory [4, 5] in the derivation of Bell inequalities, does not hold in
Hamilton-Randers theory. Instead of this type of expression, in Hamilton-Randers
theory a more complicated expression arises ([18], section 8).
Moreover, the distribution of the of sub-quantum degrees of freedom has a rather
remarkable contextual character. This is directly observed from the partitions (3.5)
and (3.6), which depend on the choice of the observables to be measured at 1 and
at 2. Therefore, it is not possible to write down a putative function determining the
real values of any admissible real value with all the functional properties required by
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Kochen-Specken theorem [27, 26]. Thus, the mechanism discussed can potentially
avoid Kochen-Specken theorem and its consequences.
Although the Ut dynamics is non-local from the point of view of spacetime,
it is local from the point of view of the detailed description in the configuration
space TM . Should we feel satisfied with our objective to understand quantum
correlations’ mechanism from a geometric point of view? For us, the explanation
given by our theory is a geometric, objective explanation of quantum correlation.
The relation with the spacetime description is through the histories transplanted
from TM to TM4 by the diffeomorphisms induced from the collection {ϑk}. The
history described is non-local in TM4, but it is clear, geometric and potentially
falsifiable. Also, note that the theory provides an explanation for the principles of
diffeomorphism invariance, since it is required by consistency: it is not possible to
describe in detail the geometry of the sub-quantum degrees of freedom, in particular
it is not possible to specified the particular diffomorphisms {ϑk}. Thus, all possible
diffeomorphisms are equally valid and the effective theories must be constructed in
a Diff(M4)-invariant way [18].
According to Hamilton-Randers theory, a new notion of time, in particular for
the notion of time parameter, must be adopted in the description of the dynamics
of physical systems. It is not only that a notion of two-dimensional time substitutes
the usual notion of one-dimensional time used in quantum mechanics and classical
and quantum field theory, but also and motivated by our interpretation of quan-
tum correlations between quantum systems separated by macroscopic distances,
the domain of the t-time parameters used in the description of the Ut dynamics
of the fundamental cycles must be of macroscopic size, not only in the sense that
T/TP ≫ 1, but also that the correlations are over macroscopic distances. Although
this fact does not imply the enlargement of the spacetime metric structure from
four to five dimensional metric structures, to have a consistent picture one needs
to address why macroscopic observers apparently do not notice such macroscopic
t-time dimension. A possible way to solve this dilemma is based on the observation
that spacetime dimensions are probed by classical and quantum test systems that
interact through quantum gauge interactions or by means of the classical gravita-
tional interaction. But Hamilton-Randers theory suggests that all the interactions
of the Standard Model of particle physics and gravity are perceived in the domain
where the Hamilton-Randers systems are naturally collapsed. The exception to this
rule is the effects that macroscopic observers can perceive with direct origin on the
mixing mechanism of the Ut dynamics, namely, quantum correlations. Therefore,
the way in which the second dimension of time shows up is through the phenomenol-
ogy related to quantum correlations, while any other phenomena is well described
by one-time dynamical models.
This new interpretation of time has as a significant consequence the emergence
of the τ -time, in particular, the natural irreversibility of the Uτ evolution. Despite
that the physical laws associated to the Uτ evolution are reversible, the intrinsic
mechanism that generates any τ -time parameter implies that the corresponding
intrinsic irreversible character of the reality.
The idea that time could be two-dimensional is not new in theoretical physics.
A comprehensive theory of two-time physics was developed by I. Bars in the last
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decades in a context of string theory [3]. However, Bars’ notion of two-dimensional
time is different from ours in several fundamental aspects. Probably the most
relevant differences are first, the way in which τ -time is emergent and the discrete
character of (t, τ) in Hamilton-Randers theory, in contrast with the continuous
character of time in Bars’ theory. Second, the way the two-time is geometrized in
Bars’ theory, a geometrization which is absent in Hamilton-Randers theory.
We have discussed several consequences of our theory. In particular, the limited
range of the quantum correlations, showing its dependence with the mass M of the
system as well as the occurrence of the generic process (4.5), are deviations from
the predictions of standard quantum mechanics. The possibility to test these qual-
itative predictions is remarkable, since they are deviations from standard quantum
mechanics.
If the standard spontaneous collapse postulate of quantum mechanics is inter-
preted as representing a real physical process, a paradoxical issue that appears is
the possibility of signaling faster than the speed of light [21]. Gisin’s argument is
based upon an application of Schmidt’s decomposition [33] and the collapse pos-
tulate of quantum mechanics [37]. The argument shows that in principle mixtures
evolving in different ways can be prepared at a distance by choosing conveniently
the measurement arrangements of the separate observers and that this activates
the possibility for faster than light signaling. Is Gisin’s argument applicable to
Hamilton-Randers models? It seems that this is not the case. In our theory there
is no spontaneous collapse processes as in quantum mechanics or objective collapse
models. Instead, there are natural spontaneous collapse processes, that happen
even in the absence of measurement. These processes are, and this a key point
in our argument, partially reversible or at least, are not permanent. According to
our theory, every quantum mechanical system suffers a natural spontaneous col-
lapse during the contractive regime in each fundamental cycle of the Ut dynamics.
Therefore, in the framework of Hamilton-Randers theory is not possible to signal-
ing faster than the speed of light by application of the procedure described in [21],
since there is no final and persistent collapsed state.
On the other hand, the mechanism for signaling discussed by Bancal et al. was
based upon the assumption that quantum correlations propagate in spacetime faster
than the speed of light but with finite speed respect to a particular class of pre-
ferred coordinate systems. However, in Hamilton-Randers theory the quantum
correlations are apparently instantaneous from the point of view of the spacetime
description of quantum systems. Thus, the argument for signalling discussed in [2] is
avoided in our theory too. This is consistent with the fact that in Hamilton-Randers
theory there is no a privileged reference frame respect to which sub-quantum de-
grees of freedom move faster than the speed of light [18].
Our introduction of the partial ergodic regime, the association of the quantum
wave function and the trace operation on the velocity coordinates can be consistent
only if the evolution is discrete ([18], section 5). The current continuous formulation
of the theory is an approximation.
Finally, let us remark that the transitions (4.5) and their generalizations to
multiple particle states are deterministic, since the Ut dynamics is deterministic. It
is also a local evolution in the configuration space TM . There are two possibilities
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to understand these processes. First, if the evolution of the quantum particles a
and b is a free evolution, the transition must be driven by a different dynamics
than Heisenberg equation. The other possibility is that if the systems a and b are
entangled, then they cannot be considered free. The type of interactions that they
suffer are sub-quantum interactions but the slow dynamics is still of Heisenberg’s
type.
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